A sectional-Anosov flow on a manifold M is a C 1 vector field inwardly transverse to the boundary for which the maximal invariant is sectionalhyperbolic [12] . We prove that every attractor of every vector field C 1 close to a transitive sectional-Anosov flow with singularities on a compact manifold has a singularity. This extends the three-dimensional result obtained in [10] .
Introduction
The sectional-Anosov flows were introduced in [12] as a generalization of the Anosov flows including also the saddle-type hyperbolic attracting sets, the geometric and multidimensional Lorenz attractors [1] , [5] , [8] . Some properties of these flows have been proved elsewhere in the literature [3] , [4] . In particular, [10] proved that every attractor of every vector field C 1 close to a transitive sectionalAnosov flow with singularities on a compact 3-manifold has a singularity. A generalization of this result in [2] asserts that every attractor of every vector field C 1 close to a nonwandering sectional-Anosov flow with singularities of a compact 3-manifold has a singularity. In this paper we give a further generalization but to higher dimensions. More precisely, we prove that every attractor of every vector field C 1 close to a transitive sectional-Anosov flow with singularities of a compact manifold has a singularity. We do not prove the result for nonwandering sectional-Anosov flows due to the lack of certain three-dimensional results like, for instance, the improved sectional-Anosov connecting lemma (compare with [2] ). Let us state our result in a precise way.
Consider a compact manifold M of dimension n ≥ 3 (a compact n-manifold for short). We denote by ∂M the boundary of M. Let X 1 (M) be the space of C 1 vector fields in M endowed with the C 1 topology. Fix X ∈ X 1 (M), inwardly transverse to the boundary ∂M and denotes by X t the flow of X, t ∈ IR.
The ω-limit set of p ∈ M is the set ω X (p) formed by those q ∈ M such that q = lim n∞ X tn (p) for some sequence t n → ∞. We have ω X (p) ⊂ Ω(X) for every p ∈ M.
Let Λ be an compact invariant set of X, i.e. X t (Λ) = Λ for all t ∈ IR. We say that Λ is transitive if Λ = ω X (p) for some p ∈ Λ. We say that Λ is singular if it contains a singularity of X. We say that Λ is attracting if Λ = ∩ t>0 X t (U) for some compact neighborhood U of Λ. This neighborhood is called isolating block of Λ. It is well known that the isolating block U can be chosen to be positively invariant, namely X t (U) ⊂ U for all t > 0. An attractor is a transitive attracting set. An attractor is nontrivial if it is not a closed orbit.
The maximal invariant set of X is defined by M(X) = t≥0 X t (M).
We denote by m(L) the minimum norm of a linear operator L, i.e., m(L) = inf v =0 Lv v . Definition 1.1. A compact invariant set Λ of X is partially hyperbolic if there is a continuous invariant splitting
such that the following properties hold for some positive constants C, λ:
for all x ∈ Λ and t > 0.
E
We say the central subbundle
A sectional-hyperbolic set is a partially hyperbolic set whose singularities (if any) are hyperbolic and whose central subbundle is sectionallyexpanding.
Recall that a singularity of a vector field is hyperbolic if the eigenvalues of its linear part have non zero real part. Definition 1.3. We say that X is a sectional-Anosov flow if M(X) is a sectionalhyperbolic set.
Our result is the following.
Theorem A. Let X be a transitive sectional-Anosov flow with singularities of a compact n-manifold. Then, every attractor of every vector field C 1 close to X has a singularity.
The proof follows closely that in [10] , namely, we assume by contradiction that there is a sequence X n of vector fields converging to X each one with a non-singular attractor A n . As in [10] we shall prove both that the sequence A n accumulates on a singularity σ of X and that such accumulation do imply that A n contains a singularity for n large. This required to extend some preliminary lemmas in [10] , using a new definition of Lorenz-like singularity for sectional Anosov flows and a new definition for singular cross section for Lorenz-like singularities to the higher-dimensional case.
2 Lorenz-like singularities and singular crosssections in higher dimension
Let M be a compact n-manifold, n ≥ 3. Fix X ∈ X 1 (M), inwardly transverse to the boundary ∂M. We denotes by X t the flow of X, t ∈ IR, and M(X) the maximal invariant of X. Definition 2.1. A compact invariant set Λ of X is hyperbolic if there are a continuous tangent bundle invariant decomposition T Λ M = E s ⊕ E X ⊕ E u and positive constants C, λ such that
• E X is the vector field's direction over Λ.
• E s is contracting, i.e., || DX t (x) E s x ||≤ Ce −λt , for all x ∈ Λ and t > 0.
• E u is expanding, i.e., || DX −t (x) E u x ||≤ Ce −λt , for all x ∈ Λ and t > 0.
A closed orbit is hyperbolic if it is also hyperbolic, as a compact invariant set. An attractor is hyperbolic if it is also a hyperbolic set.
It follows from the stable manifold theory [9] that if p belongs to a hyperbolic set Λ, then the following sets W ss 
There is also a stable manifold theorem in the case when X is sectionalAnosov. Indeed, denoting by
the corresponding the sectional-hyperbolic splitting over M(X) we have from [9] that the contracting subbundle E s M (X) can be extended to a contracting subbundle E s U in M. Moreover, such an extension is tangent to a continuous foliation denoted by W ss (or W ss X to indicate dependence on X). By adding the flow direction to W ss we obtain a continuous foliation
Unlike the Anosov case W s may have singularities, all of which being the leaves W ss (σ) passing through the singularities σ of X. Note that W s is transverse to ∂M because it contains the flow direction (which is transverse to ∂M by definition).
It turns out that every singularity σ of a sectional-Anosov flow X satisfies W ss X (σ) ⊂ W s X (σ). Furthermore, there are two possibilities for such a singularity, namely, either dim(W
In the later case we call it Lorenz-like according to the following definition. Definition 2.2. We say that a singularity σ of a sectional-Anosov flow X is
Let σ be a singularity Lorenz-like of a sectional-Anosov flow X. We will denote dim(W ss X (σ)) = s and dim(W u X (σ)) = u, therefore σ has a (s + 1)-dimensional local stable manifold W 
and {0} = 0 ∈ R u . Hence, we denoted the boundary of Σ * for ∂Σ * , and
{ the union of the boundary submanifolds which are transverse to l * } ∂ v Σ * = { the union of the boundary submanifolds which are parallel to l * } .
Moreover,
and where I 0 × I = I.
Hereafter we denote Σ
* = B u [0, 1] × B ss [0, 1].
Sectional hyperbolic sets in higher dimension
In this section we use some definitions and results for higher dimension and we extend some preliminary results for transitive sectional-Anosov flows. An useful property of sectional-hyperbolic sets is given below.
Lemma 3.1. Let X be a sectional-Anosov flow, X a C 1 vector field in M. If Y is C 1 close to X, then every nonempty, compact, non singular, invariant set H of Y is hyperbolic saddle-type (i.e. E s = 0 and E u = 0).
Proof. See ( [17] ). The proof in [17] is made in dimension three, but the same proof yields the same conclusion in any dimension.
Proof. (See [10])
This following theorem appears in [4] . First we examine the sectional-hyperbolic splitting
. Lorenz-like singularities are considered below. Proof. We make proofs the following claims for the theorem:
for every x ∈ α(x 0 ) by continuity. It follows that ω(x) is a singularity for all x ∈ α(x 0 ). In particular, α(x 0 ) contains a singularity σ which is necessary saddle-type. Now we have two cases: α(x 0 ) = {σ} or not. If α(x 0 ) = {σ} then x 0 ∈ W u (σ). For all t ∈ R define the unitary vector
It follows that
. Take a sequence t n → ∞ such that the sequence v −tn converges to v ∞ (say). Clearly v ∞ is an unitary vector and, since X −tn (x 0 ) → σ and E s is continuous we obtain
Therefore v ∞ is an unitary vector which is simultaneously expanded and contracted by DX t (σ) a contradiction. This contradiction shows the result when
. Clearly X(x 1 ) ∈ E s x 1 and then we get a contradiction as in the first case replacing x 0 by x 1 . This contradiction proves the lemma in the second case.
Proof. Notice that E s x = T x W ss (σ) for all x ∈ W ss (σ). Moreover, W ss (σ) is an invariant manifold so X(x) ∈ T x W ss (σ) for all x ∈ W ss (σ). We conclude that X(x) ∈ E s x for all x ∈ W ss (σ) and now Claim (1) applies.
This theorem implies the following two useful properties.
Proposition 3.4. Let X be a transitive sectional-Anosov flow C 1 of M. Let σ be a singularity of X in M(X) (so σ is Lorenz-like by Theorem 3.3). Then, there is a singular-cross section
for every C r vector field Y close to X.
Proof. See ([10]).
Let σ be a Lorenz-like singularity of a C 1 vector field X in X 1 (M), and Σ t , Σ b be a singular-cross section of σ. Thus for σ we denote,
We remember that Σ
, then we will set up a family of singular cross-sections as follows: Given 0 < ∆ ≤ 1 small, we define Σ
where fix a coordinate system (x * , y * ) in Σ * and * = t, b. We will assume that Σ * = Σ * ,1 . We will be use this notation in the next lemma and in the next section for the Theorem A. Thus, Lemma 3.5. Let X be a transitive sectional-Anosov flow C 1 of M. Let σ be a singularity of X in M(X). Let Y n be a sequence of vector fields converging to X in the C 1 topology. Let O n be a periodic orbit of Y n such that the sequence {O n : n ∈ IN} accumulates on σ. If 0 < ∆ ≤ 1 and Σ t , Σ b is a singular-cross section of σ, then there is n such that either
Proof. Since O n accumulates on σ ∈ M(X) and M(X) is maximal invariant, we have that O n ⊂ M(X) for all n large (recall Y n → X as n → ∞). Let us fix a fundamental domain D ǫ of the vector field's flow X t restricted to the local stable manifold W s loc (σ) ( [6] ) for ǫ > 0 as follows: 
that is a sphere (s − 1)-dimensional. Note that the orbits of all point in C ǫ | x s+1 =0 together with σ yields W ss X (σ). In particular, C ǫ | x s+1 =0 / ∈ M(X) by Theorem 3.3. Also note that forall ǫ, D ǫ is a fundamental domain.
LetD ǫ be a cross section of X such that W s loc (σ) ∩D ǫ = D ǫ . It follows thatD ǫ is a (s + 2)-cylinder, and so, we can put a system coordinated (x, s) with x ∈ D ǫ and s ∈ [−1, 1] say, and so we can construct a family of singular-cross sections Σ . Indeed, we first note that under the cylindrical coordinate system (x, s) one has Σ * ,∆ = Σ * ∆ for all 0 < ∆ ≤ δ (where * = t, b). If the conclusion of the claim fails, implies that
for all ∆ > 0 small. In other words, there would exist p n ∈ O n (for all n large) such that p n = (x n , s n ) with x n ∈ C ∆ and s n → 0 as n → ∞. Since ∆ is arbitrary and s n → 0 we conclude that p n converges to a point in C ∆ | x s+1 =0 by passing to a subsequence if necessary, since if s n → 0, it implies that the intersection tends to (s + 1)-dimensional sphere D ǫ .
As
for all n (n ∈ N), we have that the last would imply that exists a point z ∈ (C ǫ | x s+1 =0 ) such that z ∈ M(X). This contradicts Theorem 3.3 and the proof follows.
Proof of Theorem A
We prove the theorem by contradiction. Let X be a transitive sectional-Anosov flow C 1 of M. Then, we suppose that there is a sequence X n C 1 → X such that every X n exhibits a non-singular attractor A n ∈ M(X n ) arbitrarily close to M(X) and since A n also is arbitrarily close to M(X), we can assume that A n belongs to M(X) for all n. Also, since A n is an attractor, we have that A n is compact, invariant and nonempty, and by hypothesis A n is non-singular, then the lemmas 3.1 and 3.2 imply the following:
A n is a hyperbolic attractor of type saddle of X n for all n, and since A n is non-singular for all n, obviously A n is not a singularity of X n for all n.
We denote by: Sing(X) the set of singularities of X. Cl(A) the closure of A, A ⊂ M. If δ > 0, B δ (A) = {x ∈ M : d(x, A) < δ}, where d(·, ·) is the metric in M.
As in [10] , we need the following lemma in the higher dimension case.
Lemma 4.1. The attractors A n accumulate on Sing(X), i.e.
Sing(X) Cl
Proof. We prove the lemma by contradiction. Then, we suppose that there is δ > 0, such that
In the same way as in [10] , we define
Obviously Sing(X) ∩ H = ∅.
Note that H is compact since M is. It follows that H is a nonempty compact set [10] , which is clearly invariant for X. It follows that H is hyperbolic by Lemma 3.1 since Sing(X) ∩ H = ∅. Denote by E s ⊕ E X ⊕ E u the corresponding hyperbolic splitting (see Definition 2.1).
By the stability of hyperbolic sets we can fix a neighborhood W of H and ǫ > 0 such that if Y is a vector field C r close to X and H Y is a compact invariant set of Y in W then :
As X n → X, we have that:
(Sing(X)) for all n, and A n ⊂ W for all n large. If x n ∈ A n so that x n converges to some x ∈ M, then x ∈ H.
Thus, we fix an open set U ⊂ W uu X (x, ǫ) containing the point x. By (2), it follows that the periodic orbits of X n in A n are dense in A n [Closing-Anosov lemma]. Then we can suppose that for all point x n , x n ∈ O n ⊂ A n and by Lemma 3.2, as M(X) ∩ Sing(X) = ∅ and since M(X) is transitive set, we have that there are q ∈ U, 0 < δ 1 < δ 2 < δ 2 and T > 0 such that X T (q) ∈ B δ 1 (Sing(X)). Thus, there is an open set V q containing q such that
As X n → X we have
for all n large (see Figure 2 ). 
for all n large. Applying (6) to X n for n large we have
Observe that W u X n (x n ) ⊂ A n since x n ∈ A n and A n is an attractor. We conclude that A n ∩ B δ (Sing(X)) = ∅.
This contradicts (3) and the proof follows.
Proof of Theorem A: By the lemma 4.1, exists σ, such that σ ∈ M(X) and σ ∈ Sing(X) Cl By Proposition 3.4, we can choose Σ t , Σ b , singular-cross section for σ and M(X) such that
As X n → X we have that Σ t , Σ b is singular-cross section of X n too, thus we can assume that σ(X n ) = σ and l t ∪ l b ⊂ W s X n (σ) for all n. [Implicit function theorem]. We have that the splitting E s ⊕ E c persists by small perturbations of X [9] .
We have that the splitting E s ⊕ E c persists by small perturbations of X [9] . The dominance condition [Definition 1.1-(2)] together with [7, Proposition 2.2] imply that for * = t, b one has
for all x ∈ l * . Denote by ∠(E, F ) the angle between two linear subspaces. The last equality implies that there is ρ > 0 such that
for all x ∈ l * ( * = t, b). But E c,n → E c as n → ∞. So for all n large we have
for all x ∈ l * ( * = t, b).
As in the previous section we fix a coordinate system (x, y) = (x * , y * ) in Σ Remark 4.2. The continuity of E c,n and (7) imply that ∃∆ 0 > 0 such that ∀n large the line F n is transverse to Π * . By this we mean that F n (z) is not tangent to the curves (Π * ) −1 (c), ∀c ∈ B u [0, ∆ 0 ].
We define the line field F n in Σ * ,∆ 0 by
